GS Ding Dinh Ang mot ngudi lam toan ting
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Ngay 5 thang 7 nam 2020

1 M3 dau

+ Du6i day la danh sach chon loc cac bai béao khoa hoc ciia GS Dang Dinh

Ang trong hon 50 nam nghién cttu va giang day [1]. Danh sach gdm 121 bai
bao trai dai tit nam 1955 dén nam 2005 (50 mam).
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Displacement thickness in compressible viscous flow, Memoire presented
to the Institute of Aeronautical Sciences IAS Fort Worth Texas (USA)
1955.

(with M. L. Williams) Some radiation problems in elastodynamics, GAL-
CIT (1957) <« Day la luan 4n tién si ctia thay, do GS M.L. Williams huéng
dan. Luan an nghién citu ba bai toan truyén séng trong moi trudng dan hoi co
hién dién ciia vét niit.

(with M. L. Williams) On the stress Distribution at the Base of a sta-
tionary Crack. J. Appl. Mech. 24 (1957) 109-114.

(with M.L.Williams) The dynamic stress field due to an extensional dis-
location. Proc. Midwestern Conf. Solid Mech. (USA) 1959.

Radiation waves from a line load moving along a crack, J. Math. Phys.
38 (1960).

Transient motion of a line load on the surface of an elastic half-space,
Quart. App. Math 18. (1960).

(with M. L. Williams) Diffraction of scalar elastic waves by a semi-infinite
strip, GALCIT (1961).
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(with M. L. Williams) Diffraction of vector elastic waves by a semi-infinite
strip, GALCIT (1961).

(with M. L. Williams) A finite crack in an orthotropic medium, J. App.
Mech (1961).

(with M. L. Williams) Diffraction of scalar elastic waves by a semi-infinite
crack, GALCIT (1962).

(with M. L. Williams) Diffraction of vector elastic waves by a semi-infinite
crack, GALCIT (1963).

(with Es. Folias and M. L. Williams) A finite crack in a plate on an elastis
foundation, J Appl. Mech. 03- APM-1 (1963).

(with L. Knopoff) Diffraction scalar elastic waves by a finite strip, Proc.
US Natl Academy of Sci. 51 No. 3 (1964).

(with L. Knopoff) Diffraction of vector elastic waves by a finite strip,
Proc. US Natl Academy of Sci. 51 No. 3 (1964).

(with L. Knopoff) Diffraction of scalar elastic waves by a finite crack,
Proc. US Natl Academy of Sci. 51 No. 3 (1964).

(with L. Knopoff) Diffraction of vector elastic waves by a finite crack,
Proc. US Natl Academy of Sci. 51 No. 3 (1964).

(with D. E. Daykin) A note on successive Approx. Mathematika 14 (1967).

(with Mal and Knopoff) Diffraction of elastic waves by a penny-shaped
strip, Proc. Cambridge Phil. Soc. 64 (1968).

A nonlinear temperature problem as a finite strip, Proc. Amer. Math.
Soc. 20#2 (1969) < Céc bai bao trén déu dé cap dén ing dung toan vao co
hoc (co hoc pha hity, séng trong moi truong dan hoi). Sau d6 ngoai céc bai bao
vé ¢6 hoc xuat hién cac bai bao c6 tinh chat toan hoc thuan thuan tiy hon.

(with D. E. Daykin and T. K. Sheng) On Schoenberg’s rational polygon
problem J. Australian Math. Soc Vol. IX (1969) pp 337-344.

A convolution equation on a half-line J. Math. Analysis and Appl. 24 No.
3 (1968). Correction Ibid 29 no 2 (1970).

A convolution equation on a compact interval J. London. Math. Soc. (2)
No. 2 (1970)
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Note on a theorem of Wiener and Pitt, Mathematika 17 (1970).

(with L. Knopoff) A two-Phase Stefan problem with melting point gra-
dient. Publ. # 801 , Institute of Geophysics, UCLA, 1971. < Bai toan
Stefan 2-pha thudc 16p bai toan bién tu do.

(with L. Knopoff) A note on L1 - approximation by exponential polyno-
mials and Laguerre polynomials J. Approximation Theory 6 (1972).

(with Vu Trang Tuan) An elementary proof of the Morse-Palais Lemma.
Proc. Amer. Math. Soc 39 No 3 (1973).

(with Le Roan Hoa) On contractive operators in Hilbert spaces Math.
Proc. Cambridges Phil. Soc. 85 (1979).

(with Vu Trong Tuan) A representation theorem for differentiable func-
tions. Proc. Amer. Soc. 75 (1979).

Degree of set-valued vector fields and its applications J. Math. Analysis
and Appl. 80 (1981).

(with Dinh Ngoc Thanh) A probabilistic analogue of the Bohnenblust-
Karlin fixed point theorem. Revue Roumaine Math. Pures et Appl. 26
No. 4 (1981).

(with D. M. Due, D. N. Thanh) Relative topological degree of set-valued
compact vector fields and its applications. J.Math. Anal. Appl. 80 (1981),
No. 2, 406-432.

(with Le Roan Hoa) On a fixed point theorem of Krasnoselskii and triangle
contractive operators Fund. Math. CXX (1984) 77-98.

Stabilized approximate solutions of certain integral equations of first kind
in contact problems of Elasticity Intern. J. Fracture (1984). <= Bai toan
tiép xtc trong ly thuyét dan hoi.

The inverse time problem for a diffusion equation Proc. Workshop Math.
Probl. Geophysics, IGU. Venice. Dec. 1984.

Stabilized approximate solutions of the inverse time problem for a parabolic
evolution equation, J. Math. Analysis and Appl. Vol. 111, No. 1, 1985.

(with D. D. Hai) Regularization of Abel’s integral equation Proc. Roy.
Soc. Edinburgh (1987)
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(with Alain Pham, N. D.) Mixed problem for a semi-linear wave equation
with nonhomogeneous boundary conditions Nonlinear Analysis TMA.
Sept. 1988.

(with Alain Pham, N. D.) Strong solutions of a quasilinear wave equations
with nonlinear damping SIAM J. Math. Analysis. March 1988.

(with Alain Pham, N. D.) On a strongly damped wave equation STAM J.
Math. Anal. Nov 1988.

(with Keinert and Stenger) A two-phase nonlinear Stefan problem with
melting point gradient: a constructive approach J. Appl. and Comp.
Math. (1988). < Lai la bai toan Stefan 2 pha.

(with P.N.Dinh) On some viscoelastic strongly damped nonlinear wave
equations. Nonlinear hyperbolic equations theory, computation methods,
and applications (Aachen, 1988), 499-509, Notes Numer. Fluid Mech., 25,
Vieweg, Braunschweig, 1989. < Bai toan truyen song trong moi truong dan
nhét.

(with Stenger and Lund) Complex variables and regularization methods
for the inverse Laplace transform Math. Comput. Oct 1989, 589-608.

(with Folias. Keinert and Stenger) Indentation and viscoplastic flow: a
free boundary problem Intern. J. Fracture (a special issue in honor of ML
Williams) 1989. < Bai toan bién tu do trong co hoc xam nhap.

(with Alain Pham. N. D.) Some Viscoelastic wave Equations Intern. J.
Fracture, 1989. « Bai toan truyén séng trong moi truong dan nhét.

A pseudo-parabolic equation Proc. Iternl Conf. Diff. Eqns, Oberwolfach,
1989.

(with D.D.Hai) On nonsmooth solutions of Abel’s integral equation. Dif-
ferential Integral Equations 3 (1990), No. 2, 397-400.

(with K.Schmitt and L.K.Vy) Noncoercive variational inequalities: some
applications, Nonlinear Analysis, TMS 15 No. 6 (1990), 497-512.

(with T. Thanh/ A nonlinear pseudo-parabolic equation, Proc. Roy. Soc.
Edinburgh 114 A (1990). 119-133.

On backward parabolic equation: A critical survey of some current meth-
ods, Numerical Analysis and Math. Modeling, Publication Banach Math.
International Center 24, Warsaw 1990. pp. 509-515.
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(with K. Schmitt and L. K. Vy) Variational inequalities and the contact
of plates, Leet. Notes Pure and Appl. Math. M. Dekker 133 (1991), pp
1-19.

(with R. Gorenflo) A nonlinear Abel integral equation. Leet. Notes Con-
trol and Information Sciences. Editors Hoffmann-Krabs, Springer (1991),
26-37.

(with E. S. Folias and F. Keinert) Penetration mechanics: predicting the
location of a viscoplatic boundary and its effects on the stresses, Interna-
tional J. Solids and Structures 28 (1991). < Bai toan bien tu do trong co
hoc xam nhap.

(with L. K. Vy) Stablized approximation of parameters in a variational
inequality, 1991.

(with D. D. Hai) On the backward parabolic equation, Ann. Polon. Math.
LIT (1991).

(with R.Gorenflo) A nonlinear Abel integral equation Leet. Notes on Con-
trol and Information Sciences, Springer-Verlag, Hoffmann-Krabs Edits,
1991, pp 26-37.

(with R. Gorenflo and L. K. Vy) Backus-Gilbert regularization for a mo-
ment problem. Preprint, Series A, Math, Institute, Berlin Free University,
1991.

(with E. S. Folias and M. L. Williams) The bending stress in a cracked
plate on an elastic foundation, J. Appl. Mechanics paper No. 63 - APN -
1, 1963. < Bai toan vét niit (co hoc pha huy).

(with D. D. Hai) Regularization of a generalized Abel integral equation,
Applicable Analysis 45 pp 424-432, 1992.

(with L. K. Vy) Regularized solutions of a three-dimensional inverse scat-
tering problem, Inverse Problems 8 (1992), 499-507.

(with L. K. Vy) Identification of coefficients in an inhomogeneous Helmholtz
equation by asymptotic regularization, Inverse Problems 8 (1992), 308-
523.

(with R. Gorenflo and D. D. Hai) Regularization of generalized Abel
integral equation, Applicable Analysis 45 (1992), 331-332.
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(with K. Schmitt and L. K. Vy) P-coercive variational inequalities and
unilateral problems for Von Karman’s equations, WSSIA A 1, World Sci-
entific Publ. (1992), 15-29.

(with K. Schmitt and L. K. Vy) P-coercive variational inequalities and
unilateral problems for Von Karman’s equations, Lakshmikantham Ann.
Volume in 1992.

Stress singularities in a cracked orthotropic plate, Internatl J. Fracture,
1992. « Bai toan vét niit.

(with L. K. Vy) Contact of a plate with an elastic body: an interface
model, J. Elasticity, 1992 < Bai toan tiép xtc trong ly thuyét dan hoi.

(with D. N. Thanh and V. V. Thanh) Regularized solutions of a Cauchy
problem for the Laplace equation in an irregular strip, J. Integ. Eqs and
Applies (1993), 429-441.

(with L. K. Vy and R. Gorenflo) A Regularization method for the mo-
ment problem, In "Inverse Problem: Principles and Applications", Math.
Research Vol. 74, Akademic Verlag 1993, 37-44.

(with L. K. Vy) Stabilized approximation of parameters in a variational
inequality, Model Optimization in Exploration Geophysics 6 (1993), 1-16.

(with L. K. Vy and R. Gorenflo) Backus-Gilbert regularization of a mo-
ment problem, Preprint No. A-7 98, Institute of Mathematics, Freie Uni-
versitat Berlin, 1993.

(with L. K. Vy) Stabilized approx. of parameters of a parabolic variational
inequality Ninth International Seminar on model Optim. and Exploration
geophysics Friedr. Vieweg and Sons, 1993.

Model optimization in Exploration Geophysics Vol. 3 (A.Vogel edit.) 1993.

(with D. D.Trong) Asymptotic behavior of solutions of the equations of
compressible heat conductive flows, Proceedings, International Conf. "Ge-
ometric Analysis and Continumm Mechanics" in honor of Robert Finn,
Standford U., Calif, August 1993, International Press, 1995.

(with D. D. Trang) Coefficient identification for a parabolic equation,
Inverse Problems 10 (1994), 733-752.
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(with D. D. Trong) Global solutions of a free boundary problem in heat
and mass transfer for polymeric materials, Results in Mathematics 26
(1994), 155-177.

(with R. Gorenflo) Degenerate and nondegenerate nonlinear Abel integral
equations of the first kind, Nonlinear Analysis TMA 22, No. 1 (1994), 63-
72.

(with L. K. Vy) Contact of a plate with an elastic body: an interface
model, J. Elasticity 35 (1994), pp 1-26. < Bai toan tiép xic trong ly
thuyét dan hoi.

(with L. K. Vy) More on applications and extensions of P-coercive varia-
tional inequalities, Acta Math. Vietnam 19 (1994), 51-70. .

(with R. Gorenflo) Degenerate and non degenerate nonlinear Abel integral
equations of first kind, 1994.

(with N. Cam) Remarks on the identification problem for elliptic equa-
tions, Proceedings, International Workshop "Inverse Problems" HoChiM-
inh City, January 1995, editors: Ang-Gorenflo et Al., Public. No. 2,.HoChiM-
inh Math. Soc., 1995, 21-23.

(with R. Gorenflo and D. N. Thanh) Regularization for a two dimen-
sional inverse Stefan problem, Proceedings, International Workshop "In-
verse Problems" HoChiMinh City, January 1995, editors: Ang-Gorenflo
et al. Public, No. 2, HoChiMinh Math. Soc., 1995, pp. 45-54.

(with L. K. Vy) Domain identification for harmonic functions, Acta Ap-
plicandae Mathematicae 38 (1995), 217-238.

(with L. K. Vy) Some extensions and applications of P-coercive variational
inequalities, Proceedings, First World Congress of Nonlinear Analysts, De
Gruyter, Berlin (1995).

(with L. K. Vy) Contact of a plate with an elastic body, Zeitschrift f.’
Ang. Mathematik u. Mech. (ZAMM) 75 No. 2 (1995), 115-126. < Bai

toan tiép xtc trong Iy thuyét dan hoi.

(with L. K. Vy) Frictional contact of an elastic body with a rigid support,
Nonlinear Analysis TMA 25 No. 4 (1995), 339-343. < Bai toan tiép xic

trong ly thuyét dan hoi.

(with L. K. Vy) Domain Identification for Harmonic Functions. Acta Ap-
plicandae. Math. 38, 1995, 217-238
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96

(with D. D. Trong) More on coefficient identification for a parabolic equa-
tion. Inverse problems and applications to geophysics, industry, medicine
and technology (HoChiMinh, 1995), 170-173, Publ. HoChiMinh City Math.
Soc., 2, HoChiMinh City Math. Soc., HoChiMinh City, 1995.

(with V. V. Thanh) Extrapolation in gravimetry: a moment problem.
Numerical analysis and applications (HoChiMinh City, 1995), 11-14, Publ.
HoChiMinh City Math.Soc., 4, HoChiMinh City math. Soc., HoChiMinh
City, 1995.

(with V. V. Thanh) A regularized solution of an inverse problem of
gravimetry. HoChiMinh City Math.Soc. 1995.

(with B. D. Khanh, C. D. Khanh) A numerical resolution of the exte-
rior inverse Radon transform problem, 53-59, Publ. HoChiMinh City,
Math.Soc. (1995).

(with D. D. Trong and Yamamoto): Unique Continuation and Identifi-
cation of Boundary of an Elastic Body: Journal of Inverse and Ill-posed
Problems, No. 6, 1996, 417-428.

(with R.Gorenflo and D.N.Thanh) Determination of shape and mass den-
sity gravity anomaly measurements: some uniqueness results, preprint A
14-97, F. Mathematik und Informatik, Serie A - Mathematik, Free Uni-
versity Berlin.

(with R. Gorenflo and L. K. Vy) Uniqueness theorem for a nonlinear inte-
gral equations of gravimetry, Proc. World Congress of Nonlinear Analysts
(1992), Walter de Gruyter, Berlin (1996) pp. 2423-2430.

Cauchy problem and domain identification for elliptic equations and sys-
tems: a restricted survey pp 1-14, proc. 5th Vietnam Math. Conf. Hanoi
September 17-20, 1997.

(with R. Gorenflo and L. K. Vy) Regularization of a nonlinear integral
equation of gravimetry, J.Inv.Ill-posed Problems 5 # 2 (1997) 101-116.

Cauchy’s problem and domain identification for Elliptic equations and
systems: A restricted Survey, Proceedings, Fifth Vietnamese Math. Conf
Hanoi, Sep. 1997. Editors: P. K. Anh, H. H. Khoai, N. V. Mau, N. K.
Son, D. T. Thi, N. D. Tien, D. L. Van.

(A. Pham, N. D and D. N. Thanh) Regularization of a 2-dimensional two
phase inverse Stefan problem, Inverse Problems 13 (1997) 607-619.



97 (with K. Schmitt and L. K. Vy) A multidimensional analogue of the
Denjoy-Perron- Henstock-Kurzweil integral, Bull. Belg. Math. Soc.4 (1997)
pp- 335-371.

98 (with D. D.Trong) Crack detection by the electric method: uniqueness
and approximation, Intern. J. Fracture 93, pp 1-4 (1998).

99 (with D. D. Trong) Crack Detection by the Electric Method: Uniqueness
and Approximation. Internatinal J. of Fracture 93 (1998), 63-86.

100 (with Ikehata, M., Trong and M. Yamamoto) Unique Contituation for a
Stationary Isotropic Lame System with Variable Coefficients. Comm. In
Partial Diff. Eqns. 23 (1998), 371-385.

101 (with N. H. Nghia and N. C. Tam) Regularized solutions of a Cauchy
problem for the Laplace equation in an irregular layer: a 3-D model. Acta.
Math. Vietnam 23, 1998, 65-74.

102 (with D. D. Trong) Domain identification for nonlinear elliptic equation.
Zeitschrift fur Analysis und ihre Anwendungen 17 (1998) 4, 1021-1024.

103 (with N. V. Nhan, D. N. Thanh) A nonlinear integral equation of gravime-
try: uniqueness and approximation by linear moments. Vietnam J. Math
27 (1999), No. 1, 61-67.

104 (with D.D.Trong and Yamamoto) Identification of Cavities Inside 2-dimensional
Heterogeneous Isotropic Elastic Body. J. of Elasticity 56 (1999), 199-212.

105 (with R.Gorenflo and D. D. Trong) A multidimensional Hausdorff mo-
ment problem: Regularization by finite moments, ZAA 1 (1999) o.1, pp.13-
25.

106 (with D. N. Thanh and V. V. Thanh) Ident ification of mass inhomog.
from surface gravity anomalies, Geophysics. J. Int. (2000) 495-498.

107 Detection of cavities in solids and solutions of elliptic equations and sys-
tems. Vietnam J. Math. 29:1 (2001) 1-14.

108 (with D. N. Thanh and V. V. Thanh) Identification of mass inhomogene-
ity from surface gravity anomalies, Geophysical J. International (Royal
Astronomical Society) Vol.143 No., Nov-2002.

109 (with D.D.Trong) Crack Detection in Plane Semilinear Elliptic Equations
in the Plane: the Zero Flux Case. Zeitschrift fur Analysis und ihre An-
wendungen 19 (2001), 109-120.
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121

(with L. K. Vy) Contact of a viscoelastic body with a rough rigid surface
and identification of coefficients, J. Inverse and Ill-Posed Problems 9 No.l
pp.1-20 (2001).

(with N. Dung and D. D. Trong) Boundary identification for an elastic
solid partly immersed in a liquid, Vietnam J. Mechanics 24 (2002) No.1
pp-1-13.

(with R. Menniken, D. N. Thanh and D. D. Trong) Cavity Detection by
Electric Method: The 3-dimensional Case (in ZAMM) (2003-2004).

(with N. Dung, N. V. Huy and D. D. Trong) Uniqueness of elastic con-
tinuation in a semilinear elastic body, Vietnam J. Mechanics 25 2003 No.
1 pp.1-8.

(with P. T. Trinh) Inverse problems in geosciences, J. Geology series B,
No.13- 14/ 1999 pp.194-199.

(with D. D. Trong, M. Yamamoto) A Cauchy problem for elliptic equa-
tions: quasi-reversibility and error estimates. Vietnam J. Math (2004).

(with D. D. Trong) Identification of cavities in a three dimensional elastic
body. Z.Anal. Anwendungen 23 (2004) , No.2, 407-422.

(with L. K. Vy, D. D. Trong) Reconstruction of an analytic function from
a sequence of values: existence and regularization. Finite or infinite dimen-
sional complex analysis and applications, 127-142, Adv. Complex Anal.
Appl., 2, Kluwer Acad. Publ. 2004.

(with F. Folias, F. Keinert and F. Stenger) Viscoelastic fl.ow due to pen-
etration: a free boundary value problem Structural Integrity: Theory and
Experiment, Kluwer Acad. Publishers. 1989. <= Bai toan bién tu do trong
cd hoc xam nhap.

(with C. D. Khanh, M. Yamamoto) A Cauchy like problem in plane elas-
ticity: a moment theoretic approach, Vietnam J. Math 32 SI, pp.19-32,
2004.

(with D. D. Trong) Identification of cavities in a 3-D elastic body, Vietnam
J. Math 33: 4, pp 407-422, 2004.

Stress field in an elastic strip in frictionless contact with a rigid stamp,
Vietnam J. Math 33:4, pp. 469-4 75, 2005. <= Bai toan tiép xtc trong ly
thuyét dan hoi.
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+ Trong khodng mudi lam nam dau cac khao cttu ctia thay tap trung vao
cac bai toan thuoc lanh viuc co hoc. Diéu nay ciing dé hicu vi thay duge dao
tao dé tré thanh mot k¥ su hang khong.

+ Cac dé tai vé co hoc, vat 1y lien quan dén nhiéu lanh vye: 1y thuyét
vét niit (co hoc pha hiy); 1y thuyét truyén séng trong moi truong dan hoi,
dan nhdét; bai toan tiép xic (bai toan khong gian trong 1y thuyét dan hoi);
bai toan bien tu do (trong co hoc xam nhap, Iy thuyét truyén nhiet).

+ C6 thé néi thay 1a mot ngudi nghién citu toan tng dung.

C6 bon giai doan trong nghién citu toan hoc ting dung [2]:

1) Phat biéu bai toan toan hoc (md hinh toan hoc);

2) Chon phuong phap nghién citu bai toan toan hoc;

3) Tién hanh nghién cttu toan hoc (bao gom ca viéc tinh toan xap xi);

4) Phan tich v& biéu thi két qua.

Bon giai doan nay khong phan biét rach roi, anh huéng 1an nhau. Giai doan
2) va 3) 1a hai giai doan quan trong nhat.

int. J. Solids Structures Yol. 28, No. |, pp. 115-129, 1991 0020-7683/91  53.00+ 00
Printed in Great Britain, 3 1991 Pergamon Press ple

PENETRATION MECHANICS: PREDICTING THE
LOCATION OF A VISCOPLASTIC BOUNDARY AND ITS
EFFECT ON THE STRESSES

Dancg DN ANnGT
Department of Mathematics, Khoa Toan Dai Hoc Tong Hop, Ho Chi Minh City, Viet Nam

Tma FoLias
Department of Mathematics, University of Utah, Salt Lake City, UT 84112, U.S.A.

and

Fritz KEINERT]
Department of Mathematics, lowa State University, Ames, [A 50011, US.A.

(Received T April 1990 ; in revised form 7 October 1990)

Hinh 1: Tya bai bao 52.

+ Trong bai néi chuyén nay ching t6i chon bai bao 52, "Penetration
mechanics: predicting the location of a viscoplatic boundary and its effects
on the stresses, (1991)" dé ban luan vé cach thay da thuc hién cac giai doan
nghién citu da néi 6 trén, qua do, gidi thiéu mot cach hinh dung vé thay.
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2 Bai bao 52

+ Co hoc xam nhap 1a 1anh vic co hoc c6 lien quan dén nhiéu nganh ki
thuat hién dai nhu kj thuat dap nong, ky thuat kéo sgi kim loai, ky thuat
can thép...Ngoai ra, mot s6 két qua cia 1y thuyét nay con dudge sit dung
trong thiét ké duong giao thong phtt nhya duong, ché tao dém giam chan. ..

Hinh 2: Co hoc xam nhap - Méy can éng thép

i

" T ==
viscoplastic flow
H—- T - --

HT core Bg

s T -

motion

viscoplastic flow

1 N\\B‘

Hinh 3: Cau hinh bai toan

2.1 Phat biéu bai toan toan hoc

+ Mo hinh héa toan hoc trong co hoc gom c¢6 hai cong viéc chinh:

1) So dd hoa cac vat the.

- Vé s6 chiéu ctlia vat thé. Néi chung mot vat thé trong co hoc 1a 3-chiéu.
Mot vat thé c6 thé c6 mot, hai hodc ba kich thude 1a nhéd so véi cac kich
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thude con lai khi d6 ta c6 thé mo hinh vat thé nhu 1a 2-, 1-, 0-chidu (0-chiéu
1& chat diém). Ciing c6 thé cac dai lugng clia bai toan chi phu thudc vao mot
hoiic hai bién khong gian thi khi d6 ta cé thé xem vat thé 1a 1- hoac 2-chiéu,
- Ve vat lieu. Vat thé c6 thé la cb thé (vat ran tuyet doi) hodic vat thé bi
bién dang.
2) Tinh toan céc tuong tac. Tuong tac trong co hoc la lye. DI véi vat
ran tuyéet doi ta c6 moéi lien he giita lic ngoai v6i chuyén dong 1a

F = ma.

Déi véi céc vat bi bién dang, ngoai litc ngoai con phai ké dén tng suat (luc
trong). Céc ting suat c6 quan he véi bién dang thong qua cac phuong trinh
goi la quy luat tng x cua vat liéu.

+ Khi md6 hinh héa toan hoc ta dung suy luan hop 1y.

Sur that 1a mot cai gi dé rat 16n lao ma ta khong duge coi nhe
bat ky diéu gi c6 thé dan tdi noé.
Montaigue

+ Mot vat thé c6 thé bi bién dang B xam nhap vao vat thé khac dudi
tac dung ciia lyc ngoai. Thay dung mo hinh 1-chiéu (khong gian), diéu nay
cho phép don gidn hoéa viéc mo ta todn hoc cac ddi tugng tham gia vao bai
toan (xem hinh 3).

+ D6i tugng khéo sat 1a vat thé B. Dé thiét lap phuong trinh vi phan mo
ta chuyén dong ta can biét B la vat lieu gi? Hay néi khac di, quan hé giita
ting suat phap o (hay tng suat tiép 7) véi do gidn tuong doi e (hay do trugt
tuong doi v) trong vat thé B 1a gi? Chic han & day c6 sut can nhic. . . va thay
da chon mo hinh chat 16ng nhét Bingham.

Giai thich mot chit vé cach xay dung mo hinh vat lieu 1-chiéu. Mot cach
toan hoc, quan hé ting suat - bién dang c6 dang

D(0,6,0,¢,5,€,...,0M M) =0,

trong d6 o 1a ing suat phap, € 1a do gidn dai tuong ting. Cac phan tit co ban
la
e Phan tit dan hoi tuan theo quy luat Hooke

o = Fe.

e Phan tif (chat 16ng) nhét tuan theo quy luat nhét Newton

de
g = ME

13
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Hinh 4: Phan tit dan hoi.

e
T o

Hinh 5: Phan tit chat 16ng nhdét.

e Phan tit ciing déo v6i cac ting suat thap hon gidi han chay thi khong bi
bién dang (e = 0); chi v6i ting suat thoa dieu kien chdy (o = o,) thi su chay
méi phét trién (dinh luat Coulomb).

R de
>0 & 4

Hinh 6: Phan ti cting déo.

Ngudi ta ghép song song hodc ndi tiép cac phan tit co ban dé cé cac mo
hinh mong muén. Cac tham s6 (E, u, 0y,. .. ) duge xac dinh nho thyc nghiem.
+ Ghép song song hai yéu t6 nhét va ciing déo ta duge mo hinh déo nhat
Bingham.
oy tuk néu o] =0,
| oy néu |o| < o,

+ So do vat lieu Bingham phan 4nh mot thuc té 14 d6i v6i nhiéu vat lieu
sut chdy dang ké chi xuét hién vd6i tai trong xac dinh, dong thoi tdc do chay
phu thuoc vao do nhét moi truong. Thie nghiem cho thay nhiéu vat lieu
thuc - cac kim loai véi nhiét do du cao, cac chat boi tron dic quanh khac
nhau, céc loai son v.v...- dudc dic trung bang cac tinh chat nhét déo.

+ Trong bai bao 52, do mo hinh bai toan thay dung tng suat tiép 7*
v6i 75 14 ting suét t6i han (yield stress), u* 1a van téc theo hudng y*. Luat
Bingham dugc viét nhu sau

T2 ) — 1) = ,u%(m*,t*). (1)



n
a1

Hinh 7: So do6 déo nhét Bingham

o) day céac ky hiéu véi chi s6 * chi dinh chting dugc do theo don vi vat 1.

+ Gan muoi nam trude bai bao clia thay, mot tac gid nguoi Nga, A.Ju.
Ishlinskij, da khdo sat mot bai todn bién tit do v6i mo hinh gan giéng. Bai
toan va cham ctia thanh cing - déo nhét vao tuong cing. Trong do tac gia
duing 1tng suat phap.

+ Khi vat thé B xam nhap vao vat thé khac né dude chia thanh hai mién
tuy thudc vao cach tng xu

By = {z":0<a2" <s*(t*) hay 2H — s*(t*) < 2* < 2H} (mién chay déo),
By = {z*:s(t*) <" <2H — s*(t*)} (mién ciing hay 15i).

+ Trong mién chdy déo B, tit phuong trinh co ban dong liuc hoc Newton
két hgp v6i phuong trinh ting xit (1), ta thu duge phuong trinh mo ta chuyén
dong cua B

pup (2, 17) = pud. . (2%, 1) + g* (t7), (2)
trong dé ¢* 1a luc trén don vi thé tich do luc ngoai tac dung theo huéng y
va p 1a mat do khoi.
+ Trong mién ciing Bs, vi van toc clia moi chat diém la nhu nhau nén

up(t7) = u*(s™ ("), 7). (3)

+ Dé khao sat toan hoc ta dua vao cac bién khong thit nguyén, cac phuong
trinh trén thanh:

uz(z,t), (4)



trong do

pH? T0L’
R=—rr S=—. 6
T . (6)

0 day T 1a thoi gian dac trung, con R 1a s6 Reynolds quen thuoc.

Dat bai toan toan hoc

Phat biéu bai toan mot cach diing didn la mot van dé khong
kém phan phiic tap so véi chinh viéc gidi bai toan dé va khong
nén hy vong ¢ mot nguoi khac lam duge thay cho anh.

N.S. Bakhvalov

+ Do tinh dbi xiing chi can xét phuong trinh (5) trong mién 0 < x < s(t).
Trén bien di dong s(t), ting suat tiép bang ting suat t6i han, nén tir luat
Bingham

up(s(t),t) = 0. (7)

+ Tu Iye tac dung lén phan ciing Bs, dung phuong co ban dong lic hoc,
ta cb

(8)

vi (dung béi (7))
Uo(t) = %[U(S(t%t)] = us(s(1),1)5() + ue(s(t), 1) = wi(s(t), 1),
phuong trinh (8) ¢6 thé viét 1a [khi = | s(¢) trong mién By

S S

790 — R =) 9)

ui(s(t), 1) =

Gia thiét tien nghiém vé tinh lién tuc ciia nghiém va cac dao ham ciia né
len dén bién, cho x 1 s(t) trong (5), ta duge

1 S

u(s(t), t) = }—%um(s(t),t) + Eg(t). (10)
So sanh v6i (9), ta phai co
Uz (8(1), 1) = ~1 —i(t)' (11)



Day la diéu kieén bién tai bien di dong = = s(¢). Diéu kien bien tai x = 0 gia
st duge cho 1a
u(0,t) = f(t).
+ Diéu kien dau ctia bai toan:

u(x,0) = ¢(x), s(0)=b 0<b<l.

+ Phat biéu bai toan toan hoc, bai toan (I), xem hinh 8.

17



2.2

Given a time T,,,,, > 0, we are looking for a pair of functions

u(x, t}, s() so that

Chon phuong phap nghién citu va tién hanh nghién

$(f) is Lipschitz continuous on (0, Ti,.,] ;

u and u, are continuous for 0 € x € 5(1),0 € < s
Uy, U, are continuous in 0 < x < s(f) for0 < 1 < Tps
u satisfies the equation

1 hy
u,{x, IJ = E u.\'x(xa {) + Eg(r)

in0<x<s(,0<t< T
on the moving boundary s(r), u satisfies

S h
(0 =90 = 2 5y’
ux(.s‘(t}, f) =0,
S
U5, 0 = — 115

for0 <t € Tt o
u and s satisfy the boundary and initial conditions

s(0)=5, 0<b<l,
u(x,0) = ¢(x),
u(0,0 =f(0),

with compatibility conditions

¢(0) = £(0),
¢ (b)=0,

i S
@' (b) = — =5

<=

Hinh 8: Tong két bai toan toan hoc ().

ctu

+ Keé tir day ta ding suy luan suy dién.

+ Bai toan dudc dan vé phuong trinh tich phan dé cé thé giai bang phép
xap xi tiép, dung nguyén ly anh xa co; mot cong cy manh ma thay quen
dung.

+ Bai toan (I) la bai toan hon hgp cho phuong trinh nhiét. Ta dung
phuong phap ham Green dé giai. Nhic lai, biéu thiic vi phan

L*v := a*vgp + vy

18

an

(18)

(19
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la lién hop hinh thic cia
Lu = a*ug, — uy

trén mién ) vdi bién 0.
Ta c6 dong nhat thiic Green:

/(ULU — uL*v)dzdt = / uvdé + a*(vu, — uv,)dr.
0 B

+ Nhung trude hét dé tranh diéu kien lien quan dén u, trén bién tu do ta
can bién ddi bai toan (vé mot mo hinh trung gian). Khac v6i cac ngusi lam
co hoc, vat 1y, viec bién doi vé phuong trinh tich phan dude néu gia thiét day
du:

f(t) lien tuc, g(¢) thuoc l6p C* tren t > 0;
é(x) thuoc 16p C? trén (0,b), va dao ham bén trai ¢”(b) ton tai.
Dt v = u;. Bai toan duge dan vé bai toan (II), xem hinh 9.

v must satisfy

1 S
vr(x, I) e va.\:(xs t)+ ﬁg(r)s

v(s(1), 1) = %9(‘) - R(%s(r))’
ve(s(0), ) =S 1 i(;)(r) ’
v(x,0) = ¥ (x),
p(0,1) = 1(2),
| s S
V(0) = p9O0 = pa gy

f(©0) = (0. (28)

Assume for now that s(7) is C' on [0, 6].}

Hinh 9: Tong két bai toan toan hoc (I1).

19



Phuong phap ham Green
+ Ky hiéu k = R'2. Dinh nghia cac ham Green

k ( K (x — 5)2)
—————exp| ————— |,
2\/7(t—7) P At —7)
G(l‘,t;f,T) = K(I’,t,f,’i’) - K(.ﬁﬂ,t, _577_)7

K(z, t;¢,17) =

N(z,t;¢,7) = K(x,t;&,7)+ K(x,t; =€, 7), (12)
(Ol
O<z<s(t), 0<&<s(r), 0<T<t. (13)
Ta c6 cac tinh chat sau (duge ding dén trong cac bién doi vé sau)
Guxe = KN,
G, = —N,i,
N(z,t;&,t) = 0. (14)

+ Cho v(&,7), s(7) 1a nghiém cta bai toan (II) véi (z,t) duge thay boi
(¢,7), chit ¥ G trong dinh nghia trén theo bién (£, 7) 14 nghiém clia phuong
trinh lién hgp

1
L*G(x,t;€,7) == EG& + G, =0.
Tich phan dong nhat thic
(Gue — Gev)g — k*(Gu), = SGyg (15)

tren mién {(£,7) : 0 < € < s(7), € < 7 <t — ¢}, a4p dung dong nhat thic
Green, va cho € — 0, ta duge: [biéu dién tich phan ciia nghiém mo hinh trung
gian]

v(x,t) = /0@/)(f)G(:E,t;f,O)df—}l%/oUO(T)Gg(ZE,t;S(T),T)dT
—i-}%/o Ux(8<7'),T)G(.T,t;S(T),T)dT+/O vo(T)G(x, t; s(7), 7)8(T)dT

—i—l /tf<T>G§<I,t;O,T)dT + 5 /t /S(T) G(z,t;¢,7)dEg(T)dT, (16)
R Jo R Jo Jo
trong dé ta da dat
vo(t) = v(s(t),t) (17)
va dung cong thic
d¢ = s(r)dr. (18)
Dé tinh dugc tich phan nay ta can biét s(t).

20



Hinh 10: Mién lay tich phan.

Xac dinh s(t)

+ Lay dao ham riéng hai vé (16), dung cac tinh chat (14), sau mot s6 bién
déi, ta duoce:

wlet) = [ VONG g0+ 5 [ N @b, n

t t
—i—i/ Ve (s(7), )Gy (2, t; 8(T), T)dT — l/ f(T)N(z,t;0,7)dr
R 0 R 0
S t
5 [ SO tis(r).m) = Nwti0,)ldr (19)
0
Bay gig, cho x 1 s(t) va diing bo dé tit Friedman,

Lemma 2.1 (Friedman). Let p(¢) (0 < ¢ < ¢) be a continuous function and let s(¢)
(0 < 1 < o) satisfy a Lipschitz condition. Then, for every 0 <t < o,

1 2

lim —a—‘— p(DK(x,t; (1), 1) dt = %p(t) ~{—J.I p(1) [% K(x,1;s(7), r)il dr, (43)
1] 1] x =31

x—s(—00x

where K is as in (29).

Hinh 11: B3 dé tir Friedman.
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ta dugc:

%vx(s(t),t) = P(E)N tf())di—l—/ o(T)N (s(t), t; s(), 7)dT
+%/0 v (s(7), 7)G(s(t), t; dT—/ f(r ),t;0,7)dT
_% 4N a(0). t3(7).7) = N(s(0). 0. 7)) (20)
+ Dinh nghia
r(t) = 5(t), (21)
suy ra
s(t) = b—l—/o r(7)dr, (22)
r(t)
ve(s(t),t) = Sl mprrt (23)
W1t = T~ F s 21
S . Sr(t)
o(t) = Eg(t)—m (25)
Sau mot s6 bién ddi don gidn, cudi ciing ta dugc:
() = 5 (1= () B (D) (26)
trong do
A , s r(7) ,
Br0) = [ ON6.te0 -3 [ N0 tis(r).
S [t r(r) .
—i—}—% I _S(T)Gm(s(t),t,S(T),T)dT
_/0 {f(T) — %9(7)} N(s(t),t;0,7)dr. (27)

+ C6 thé chi ra ring ton tai M > 0 v ¢ > 0 sao cho vé phai clia (26)
dinh nghia mot anh xa co trén qué cau déng B, (0, M), ban kinh M, tam 0
trong khong gian cdc ham lién tuc trén [0, o]. Do d6, ddi vé6i cac gia tri nhd
cla t, phép lap (26) sé cho mot 161 giai r(t).
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2.3 Tinh toan xap xi

+ Cong thiic (26) 1a co 86 ctia phuong phap s6.

+ Cho t;, i = 0,1,2,..., 1a cac diém cach déu theo huéng ¢t. Cho trudc
mot dé nghi cho r(¢), ta c6 thé tinh s(¢) tit (22), rdi B(r(t)) tit (27), va cudi
cung cap nhat r(t) tu (26).

+ Mot khi s(¢) da biét, ta tinh w,(z,t) ti

wlat) = [ WONG &0t~ [ TN bse).mar
S

¢
+/ {Eg(T) - f(T)} N(z,t;0,7)dr. (28)
0
+ Cubi cung, ta tinh u(z,t) tit (mo hinh ban dau ctia bai toan)

ule,t) = f(t) + / (€ 0)de. (20)

+ Vai trich dan:

"$) 1an lap thit ¢, chiing t6i chi st dung cac gia tri cua r tai to,...,t;, vi
cac du doan t6t ctia r(t) cho t 16n khong c6 hiéu lyc. Déi véi bude lap (i+ 1),
chiing t6i da them mot diém méi r(¢;,,), v6i dy doan ban dau

T(ti_;,_l) = 27’(tz> - T(ti_1>. (30)

"Ngoai trit gan khi bat dau, chi can bén dén nam lan 1ip cho mdi diém,
két hop véi phép ngoai suy, da di dé hoi tu. Chiang toi da st dung phép
noi suy spline tu do dé tinh r, s tai cac diém trung gian va tha tuc lay tit
QUADPACK dé tich phan s6. Luu y rang tich phan thit hai va thit ba trong
(27) 1a ky di, nhung k¥ di loai [(t — 7)~/?] dugc biét chinh xé&c va c6 thé dé
dang xit 1y."

+ Bai bao két thic bang hai thi du s6. Toi dan ra thi du 1, kém binh
luan clia cac tac gid va hinh vé dé tham khao.

Thi du 1: "Chuang toi bat dau vdi 10i gidi dong chdy dimg tuong ting vé6i
g(t) = 2, nghia la, b = 0.5, ¢(z) = 0.25 — (x — 0.25)%. Roi sau d6 ching
toi dat g(t) = 0, tuong ting v6i sy bién mat dot ngot clia ngoai lyc. Do do,
chuyén dong chii yéu bi chi phéi béi cac lic nhét.

Hinh 2 thé hién cac do thi ctia bién di dong, van toc 16i ug(t), van toc
u(x,t) va ting suat 7(z,t) trong mién dong chdy nhét véi cac gid tri ¢6 dinh
khac nhau cia = va ¢. Chiing toi da sit dung buée thai gian nhé 0.001 dé tao
ra cac duong cong mugt ma; két qua cho buée thai gian 16n hon 1a rat tuyét
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voi. Nhu ta mong dgi, 16i md rong nhanh chéng cho dén khi né dat dén bién
x=0.

Néu g(t) ban dau dugc lay 1a 2, sau d6 gidm xudng 0, ching to6i c6 duge
cac phién ban trugt theo thoi gian clia cdc dudng cong gidng nhau. Diéu nay
chi ra ring phuong phap cé thé xit Iy dé& dang cac luc bén ngoai khong lien
tuc. TAt nhién, tich phan cudi cuing trong (27), phai dugc stta doi dé tinh
dén dang di¢u ham delta cta g(t)."

Moving Boundary

0.500

]

0.400

1

0.300

sit)

0.200

0.100

0.000 ! | l
0.000 0.040 0.080 0.120 0.160

t
Fig. 2a. Example 1 : Moving boundary.

3 Két luan

Dé két thic bai néi chuyen vé Thiy Ang toi ¢6 mot vai suy nghi ciing mot
s6 trich dan 14y tit [2] vé viéc hoc va lam toan ting dung.

... vl vAy ma trong toan hoc thuan tiy viéc bat dau nghién
citu khoa hoc mot cach doc lap don gian hon so vdi trong toan
hoc 1ing dung va dé la nguon kich thich co ban doi véi nhiing
nguoi tré tuoi. Thanh tiru trong linh vie nay lai khuyén khich di
sau va chuyén mon héa hon nita — va thé la truée mat ching toi
lai ¢6 mot nha toan hoc thuan tiy trung kién.

Nhu da néi 6 Phan Mé dau viéc nghién citu toan tng dung bat dau bang
viec mo hinh hoéa toan hoc. Ta can am hiéu mot chit vé co hoc, vat 1 hoic
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Core Velocity
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Fig. 2b. Example 1: Core velocity.

cac nganh khoa hoc lién quan dé c6 thé chon mo hinh thich hop va thiét lap
cac cong thiic toan hoc mo ta déi tuong khao citu.

...viéc chap nhan mot moé hinh toan hoc nay hay khac phu
thuoc vao muc dich ma nguoi nghién ciu dat ra, vao miic khoa
hoc thic té, va ¢ mot mitc do nhat dinh, phu thudc vao nhiing
phuong tién nghién ciiu da co.

Nejmark Ju.K.

Khi dat bai toan thi diéu kién can chd y hang dau la giai thich
muc dich nghién citu bdi vi mot moé hinh toan hoc da dugc chap
nhan vé mot hién tuong khong phéi la don trj Iuon luon cé lién
hé vdéi hién tuong ay, ma con phu thudc vao muc tiéu nghién citu.
Truée khi viét cac phuong trinh vi phan, chon phitong phap giai
va dung may tinh dién tit can phai nghi xem liéu nhiing két qua
tinh toan co6 vo ich khéng
N.S. Bakhvalov

Viéc chon lya phuong phap nghién citu va tién hanh né dya chu yéu trén
sd truong ciia ta. Tuy nhién ciing c6 lic can phai hoc thém vé phuong phap
méi dé dap tng cho yéu cau ctia mo hinh méi. Thuong, trong cac bai toan
méi xuat hién trong khao cttu, khong c6 dang ding nhu nhitng gi ta da hoc,
hozc nhitng tai liéu ta tham khao. Liac dé can phai suy nghi thém thay vi
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Velocity Profiles for fixed t
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Fig. 2c. Example 1: Velocity in flow zone for = 0 to ¢ = .14 in steps of 0.02.

...di tim céc tai lieu tham khao khac. Cé thé, nhu & day, viec chon mot an
ham méi lam thay doi tinh hinh! Ta ciing thay & day vai tro clia moén toan
cao cap that quan trong. Khong phai cic kién thiic cao siéu ma chi 1a céac
khai niém gidi han, lién tuc ciing mot s6 tinh chat clia ching.

Cac bai toan tng dung thuong gin véi phép tinh xap xi. Viéc hoc tap
that nghiém tdc mon giai tich s6 1a can thiét. Nhung vAn can phai tim hiéu
thém khi tinh toan trén may tinh dién ti. 0 day ta lam viéc trén s6 dau
cham dong (httu han) khac vé6i trong giai tich sb ta lam viec trén s6 thuec (vo
han).

Vi du nhir khi xay dung dong chat 16ng bang phiong phap
Iuéi thi dé lan Ion tinh khong on dinh ctia phuong phap tinh véi
tinh khong on dinh ctia dong chay.

Viéc tinh toan lanh manh doi hoi phai thudng xuyén nghién
ctiu bai toan dugc nghién ciiu, khong phéi trude khi t6 chiic tinh
toan ma con ngay ca trong qué trinh phat trién né, va nhat Ia §
giai doan khi nhiing con s6 dugc tra vé va dugc giai thich bang
ngon ngit clia bai toan ban dau.

R. Hamming
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Stress Profiles for fixed t

toulx,t)
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Fig. 2d. Example 1: Stress in flow zone for = 0 to ¢ = 0.14 in steps of 0.02.

Viéc tin tudng rang nghiém da dugc tinh ding duge dam bdo
qua viéc 4p dung cuing mot so do tinh cho mot vai bai toan ma
nghiém chinh xéc ctia chiing da biét trudc, qua viéc so sanh nhiing
nhiing két qua tinh vdi thi nghiém vat 1y trong mién tham s6 c6
thé thuc hién duoc thi nghiem dé va qua viéc diung cac phuong
phap s6 khac.

S,K. Godunov va V.S. Rjabenkij
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Velocity Profiles for fixed x
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Fig. 2e. Example 1: Velocity in flow zone for x = 0 to x = 0.4 in steps of 0.1.

Stress Profiles for fixed x
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Fig. 2f. Example | : Stress in flow zone for x = 0 to x = 0.4 in steps of 0.1.
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